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ABSTRACT

Probabilistic computing is an emerging approach for solving combinatorial optimization and probabilistic inference by leveraging

stochastic dynamics to explore complex energy landscapes. However, most hardware implementations remain constrained to

binary probabilistic bits (p-bits), limiting efficiency for inherently multi-class problems. Here, we propose and experimentally
demonstrate a ternary Potts machine (TPM) enabled by a NbO, oscillator-based probabilistic ternary digit unit (i.e., p-trits). The
p-trit exploits electro-thermal dynamics of a NbO, threshold-switching memristor that exhibits two distinct negative differential
resistance regimes, producing stochastic transitions among three discrete states (off/osc/on). A compact p-trit circuit digitizes the

oscillatory signals into two-bit outputs, yielding a practical p-trit with an operation rate of 2.5 us/bit, while the NbO, oscillator,

which is the primary source of energy consumption, consumes 2.4 nJ/bit. A microcontroller unit -integrated TPM prototype

solves Max-3-Cut with ~30% higher accuracy than p-bit-based computing while requiring ~33% of its computational overhead.

Simulations on the weighted ternary number partitioning problem confirm scalability and robustness, showing convergence of

up to 99.96%, comparable to near-optimal solutions.

1 | Introduction

Energy-based models (EBMs) provide a rigorous computational
framework for solving complex optimization problems and
learning high-dimensional probability distributions. EBMs assign
scalar energy to each system state and seek directions to minimize
this energy, thereby navigating rugged energy landscapes. The
Boltzmann machine (BM) is a representative implementation
of EBMs, which employs stochastic sampling to search for the

minimum-energy configuration, i.e., the most probable solution
[1]. Recently, researchers have actively pursued hardware imple-
mentations of BMs to provide compact, energy-efficient, and
CMOS-compatible solutions that can be seamlessly integrated
into existing semiconductor systems for IoT and edge devices.
Such BM hardware has primarily utilized probabilistic bits (p-
bits), which are elementary devices capable of defining the
appearance probability of binary digits (0 or 1). Therefore, various
types of p-bits have been developed, including magnetic tunnel
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junction-based [2-4], memristor-based [5-7], and CMOS-based
circuits [8] and devices [9, 10]. Although their operating mecha-
nisms differ, they all commonly exploit the probabilistic behavior
of energetically similar bistable systems. Since bistable systems
are common in physical domains, continued development of
diverse p-bit devices is expected.

However, computing systems can solve more complex problems
more efficiently when computation is performed using multinary
computational digits [11-15]. In the case of BM, when each of N
nodes can occupy k states instead of 2, the size of the solution
space grows exponentially from 2V to kV, thereby enabling the
modeling of aricher energy landscape. Such multinary extensions
are theoretically supported by the Potts model, a generalization of
the Ising model in statistical physics [16-21]. In this formulation,
each node is represented as a unit vector in a two-dimensional
plane, parameterized by an angle 6 € {0, 27 /k, 47 /k, ... }. Then,
the Hamiltonian H(x)is expressed as;

H(x)=—2]ijxi'xj_zhixi €y

i<j

where x; denotes the spin vector of node i defined as x; = (cos 6,
sin 6;), J; represents the coupling coefficient between nodes i and
Jj, and h; is a bias vector of x;. The hardware implementation
of the Potts model necessitates physical systems that can realize
multinary digits, yet no hardware leveraging this principle has
been demonstrated to date.

The electro-thermal dynamics in a NbO,-based oscillator are one
of the well-known high-order dynamic systems [22-26]. The oscil-
lator incorporates NbO,-based threshold switching memristors
(TSM) that exhibit two distinct negative differential resistance
(NDR) behaviors; the NDR at lower current levels is induced
by field-triggered thermal runaway at low current, which arises
from Joule-heating-assisted conductivity enhancement under an
applied electric field [27, 28]. The second NDR at higher current
levels originates from a Mott-transition-related insulator-metal
transition, leading to an abrupt change from a high-resistance
insulating state to a low-resistance metallic state [27, 29, 30].
These NDR behaviors arise from bistability activated under
specific bias conditions, where transitions between the two
states occur stochastically due to thermal noise. The oscillator
configuration with the NDR device (referred to as the NbO,
oscillator) provides an electrical means to precisely monitor these
transition processes. When configured as an oscillator, three
deterministic states can be obtained based on the two NDR
boundaries: a non-oscillating off state, an oscillatory state where
on and off transitions alternate, and a non-oscillating on state.
The boundaries between these deterministic states can operate in
a probabilistic manner, suggesting that the oscillator can serve as
a physical platform for implementing the Potts model.

In this study, we propose and experimentally demonstrate a
ternary Potts machine (TPM) that leverages the NbO, oscillator-
based p-trit as its fundamental computational unit. This work
includes the approximation of the probabilistic sampling rule,
the design of a p-trit for efficient probability extraction, and
the fabrication and evaluation of a TPM hardware prototype (a
schematic overview of the overall system flow is provided in
Figure S1).

First, we introduce the segmented probabilistic sampling (SPS)
rule, an approximate probabilistic sampling method required
for implementing a probabilistic TPM in hardware. This rule
provides a theoretical basis for extending conventional Boltz-
mann machines to TPMs and is particularly compatible with
hardware implementation. Next, we show that the probability
values required to implement the SPS rule can be effectively
obtained using the first-time-to-oscillate (FTTO) method. As a
result, the proposed p-trit reliably distinguishes three operational
regimes with two stochastic boundaries, enabling a compact and
physically implementable ternary probabilistic unit.

Next, we validate the system-level feasibility of the proposed
framework using a lab-scale TPM hardware prototype integrated
with a microcontroller unit (MCU)-based virtual p-trits for
solving the Max-3-Cut (M3C) problem. The results confirm that
the TPM outperforms the conventional BM, achieving ~30%
higher accuracy while requiring only ~33% of the computational
cost. Subsequently, the scalability and robustness of the proposed
TPM are evaluated through simulations of the high-dimensional
weighted ternary number partitioning problem, suggesting its
feasibility as a core unit of an energy-efficient and scalable
hardware solver for large-scale optimization problems.

2 | Results

2.1 | Theoretical Framework of Probabilistic Potts
Model With Segmented Probabilistic Sampling
(SPS) Rule

Figure 1a illustrates an example of an energy landscape of the
Hamiltonian H(x) as a function of the high-dimensional state
vector X' = (x{,x},...,xy) at time t. For intuitive understanding,
the high-dimensional configuration space is projected onto a
two-dimensional plane, where each point x' represents one
configuration, and the vertical axis denotes the corresponding
energy H(x'). At a given time ¢, the state transition from x' =1 to x*
occurs according to the following Boltzmann distribution, where
lower energy states have higher selection probabilities;

e—ﬁH(x[)
Prge) = 3 eFHE) @
where 8 = 1/kT, k is a Boltzmann constant, and T is the

temperature variable. The model explores the state space through
stochastic sampling, progressively moving the state toward the
lower energy configurations.

Here, as the available number of states for the node Xx;
increases, the representational capacity of the energy landscape
is enhanced. Figure 1b compares two models: a conventional
Boltzmann machine (BM, upper panel) and a ternary Potts
machine (TPM, lower panel). The BM consists of probabilistic
binary nodes known as p-bits. Each p-bit node x; can take on
either +1 or —1 as its value, which is determined probabilistically
based on an input I;. The probability distribution of x; being +1
follows a sigmoid function defined as:

1

1+ e Fli ®

P xi=+1 =
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FIGURE 1 | Comparison of ternary Potts machine and binary Boltzmann machine. (a) Conceptual illustration of Boltzmann sampling in an

arbitrary energy landscape. Probabilistic update rules (Py)) guide the solution vector x' toward the global minimum. (b) Vector representation of
states and probabilistic update rules for the binary p-bit (upper) and ternary p-trit (lower). (c) Schematic of a spin network with a size of N, where each
node interacts via a coupling matrix J. (d) Total number of configurations (C) representable for network size N. (e) Distribution of the discrete energy

states (E) for an arbitrary network with a size of N = 4. (f) Shannon entropy (H) per node as a function of the number of node states (L).

where I, = —:—H. Note thatP ,_,,; =1 — P, __,. This probabilistic
Xi
sampling rule ensures that the system evolves over time toward

a state distribution that converges to the Boltzmann distribution
(Note S1).

Compared to the BM, the TPM uses the p-trits. Based on the
vector Potts model, the three states can be represented as three
unit vectors uniformly separated by 27/3 defined as x; = (cos 6,,
sin 6;) in a two-dimensional plane, where 6; € {0, 2?” 4—”}. Unlike
scalar representations (e.g., {0, 1, 2} or {-1, 0, +1}), this vector
representation ensures that all pairwise spin interactions are
energetically equivalent, enabling the construction of the ternary

Potts Hamiltonian through vector inner products.

While the Potts model defines the energy of multi-state interac-
tions, it does not include a sampling rule that describes how the
states are probabilistically updated. To address this, we newly pro-
pose the Segmented Probabilistic Sampling (SPS) rule, in which
probabilistic sampling occurs only between two neighboring
states based on the input level (Note S2). The rationale for this
approximate sampling rule can be briefly explained as follows.
The three discrete states of a ternary Potts spin are represented
by equally spaced two-dimensional unit vectors, allowing the

entire ternary state space to be parameterized by a single input
variable 6;. Assuming that the system follows a Boltzmann
distribution, the transition probability can be approximated by a
sigmoidal probabilistic transition between the two neighboring
states closest to 6;, whereas the transition to the farthest state is
negligible because of its prohibitively high energy cost. In this
way, the SPS rule defines probabilistic transitions only between
adjacent states and effectively extends probabilistic sampling in
BM to a three-state framework by confining the probabilistic
update to local angular intervals (Note S3).

The probability of x; at the phase state 6; = Z"T” is given by:

1 2(n-1)7m 2nrm
P gmannyz = T efh € 3 P 3 ), nef{l, 2, 3}
0H 2 (4)
Here,I; = ——,and 8’ = —Z_ Note that in each of the three phase
! 0; kT

intervals, (0, 2?”], (2?”, 4—”], (4?”, 27], only two adjacent phase

states have non-zero probability, while the third state is excluded.
For example, in the interval (0, 2?”], the probability of the phase
state 6; = 2?” is defined as in the above equation, while the other
two probabilities are givenby P g =1 = P g,_pz/3 a0A P g,y /3 =
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0. This sampling rule only requires defining the probabilities
between two neighboring states, making it applicable to more
complex multinary systems if the probabilistic multinary unit is
provided.

The BM or TPM system can be illustrated using the simplest form
of a spin network, as shown in Figure Ic. In this network, node
pairs x; and x; are coupled via interaction coefficients J;. If each
node can represent k discrete states, a network of N nodes yields
a configuration (C) of size kY. Therefore, as shown in Figure 1d,
ternary systems achieve an exponentially larger capacity than
their binary counterparts. Such a higher capacity enables the
system to represent a richer energy landscape for a given problem.
Figure le shows the energy state distribution of the spin network
with N = 4 for all possible configurations, calculated from the
energy E (x) = Zi’j Jijx;x;, using the arbitral interaction matrix
J,

0-10 1
-10 1 0

]_010—1 ®)
1 0-10

The count represents the number of configurations that yield the
energy value. The total counts are 2* for the binary system and
3* for the ternary system. In this example, the binary system can
represent only three distinct energy levels over an energy range
(from +4 to —4), whereas the ternary system yields five energy
levels, indicating that the ternary one provides a more richer
energy states for the given network.

To further quantify the multi-state systems, we analyze Shannon
entropy (H = thol —p;log, p;) of those systems, which provides
a measure of the uncertainty or information content associated
with a probabilistic distribution [31]. In this context, a higher
entropy indicates that the system can explore a wider variety of
states and thus requires more information to fully describe its
configuration. Assuming a uniform distribution over all states,
the maximum entropy per node is log ,k, where k is the number
of states per node, and the total entropy of the system with N
nodes becomes H = N X log ,k. As shown in Figure 1f, the ternary
system achieves approximately 1.58 bits per node, compared to 1
bit in the binary system, highlighting its greater expressiveness
and higher information density at the same network size.

2.2 | Efficient Probability Extraction from NbO,
Oscillator Using First-Time-To-Oscillate (FTTO)
Metric

The NbO, oscillator can implement probabilistic ternary regimes
according to the SPS rule. As shown in Figure 2a, the NbO,
oscillator consists of a NbO, TSM (denoted as M), a series
load resistor R;, and a parallel capacitor C, (see Figure S2
for the capacitance configuration and values). The TSM with
a TiN/NbO,/TiN structure exhibited two NDR regions in its
current-controlled current-voltage (I-V) curve (Figure 2b) [32].
When combined with the circuit components (R;, C, ), the NDR
device constitutes a Pearson-Anson oscillator, whose operating
regime can be controlled by the applied voltage conditions. When
R; of 800 Q was used (selected based on load-line analysis to

balance the probabilistic operating windows, Figure S3), five dis-
tinct circuit-level operating regimes could be defined depending
on the applied voltage: three deterministic regimes; off, periodic
oscillation (osc), and on, and two probabilistic regimes; one
between off and osc (p-osc-1) and the other between osc and
on (p-osc-2) (the regime boundaries are also influenced by the
effective parallel capacitance; see Figure S4). Although the off and
on regimes are fixed equilibrium states, whereas the oscillation
regime is a limit cycle, all three correspond to stable attractors
of the Pearson-Anson oscillator and can therefore be treated as
discrete and equivalent system-level regimes. Figure 2c shows five
representative current outputs at the applied voltage (V) of V;
=1290V,V,=1340V,V; =1500V, V, =1.785V, V5 =1.850 V. As
the V,,,, increased, the states changed in the order of off, p-osc-
1, osc, p-osc-2, and on. The origin of these probabilistic states is
attributed to electrical and thermal noise perturbations [6, 33-39].

To utilize this device for p-trits, the probabilities between neigh-
boring deterministic regimes must be extracted within the prob-
abilistic operational region. Here, we propose a novel approach
to quantify the probability via the First-Time-To-Oscillate (FTTO)
metric, defined as the time interval from the start of V,,, to
the first oscillation peak. Figure 2d compares the conventional
peak number counting-based probability quantification method
(middle panel) and the proposed FTTO-based (bottom) for a
given oscillation waveform (top). In conventional peak-counting
methods, the oscillatory output must be continuously monitored
over a predefined observation window, and the number of
oscillation events should be counted to estimate the probability.
This process generally requires additional functional blocks such
as peak-detection circuitry, clocked counters, memory/register
units for count storage, and digital post-processing logic [6].
Additionally, this method becomes difficult to accurately obtain
the probability when burst pulses occur (as shown in Figure 2c
for V, = 1.785 V) or when oscillations exhibit high autocor-
relation. Moreover, the oscillation speed varies with voltage
even within the oscillation region, making it challenging to
accurately determine the timing for peak detection (Note S4).
In contrast, the proposed FTTO metric only detects whether
the first oscillation occurs within a monitoring window (t,,,),
enabling a simpler readout architecture based on threshold detec-
tion and latch/D-FF operation without requiring continuous
oscillation counting. Furthermore, this probabilistic behavior
can be tuned by adjusting the ¢,,. Specifically, the stochastic
transition rate A(V,,,) at each NDR boundary is an intrinsic
device characteristic, while ¢,,,.determines the cumulative tran-
sition probability within the observation window as P=1—
e M VappDtmir - A 1arger t,, rs.20z6.25542514 Droadens the sigmoidal
Py =V profile, providing a practical degree of freedom to
optimize the sampling characteristics for a given computational
task.

An increase in oscillation probability corresponds to a shorter
FTTO. Therefore, the FTTO metric can provide the V-
dependent probability values. Figure 2e shows the experimentally
obtained inverse-FTTO (1/FTTO) distributions characterized by
their mean and standard deviation, for various V7, for the two
probabilistic oscillation regimes; from 1.310 to 1.360 V for p-osc-
1, and from 1.770 to 1.730 V for p-osc-2, each in 5 mV steps.
Each distribution was obtained from 50 measurements with 10 us

pulses. If no oscillation occurred during the pulse duration, the
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FIGURE 2 | Probabilistic ternary regimes in the NbO, oscillator. (a) A circuit diagram of the NbOy oscillator. (b) I-V curve of NbO, TSM with two
NDR regions (black line) and corresponding five states (colored regions): three deterministic states, off, osc, and on, and two probabilistic states, p-osc-1

and p-osc-2. (c) Examples of time-domain responses for each state. (d) Comparison of sampling methods: the conventional peak number counting-based
method (middle panel), and the proposed FTTO-based method (bottom panel) for the identical probabilistic signal (top panel). (e) 1/FTTO distributions

for p-osc-1 (top) and p-osc-2 regions (bottom) with various V.

FTTO was regarded as infinity (i.e., 1/FTTO = 0). In both V,,,
ranges, as the V,,, approaches the oscillation state (the higher
Vppt In the p-osc-1 state and the lower V,,, in the p-osc-2 state),
FTTO decreases, producing a distribution with higher 1/FTTO
values. By integrating the 1/FTTO probability distribution over
t,.» the probability that an event has occurred can be obtained,

which is discussed in the following section.

2.3 | P-trit Circuit Design and Experimental
Validation

We proposed a NbO, p-trit unit as shown in Figure 3a, which
generates two-digit outputs from the probabilistic FTTOs of the
NbO, oscillator. This circuit consists of three parts: an oscillator
(red dashed box), an input-level segmentation part (green dashed
box), and a first-oscillation detection part (blue box). Figure 3b
shows a breadboard-based prototype for experimental validation.
The input voltage was applied through an MCU, and the NbO,
device under test (DUT) was loaded on a probe station and
connected to the breadboard via cables. During operations,

the voltage levels of each colored node were monitored by an
oscilloscope. Details about the components used are described in
the Methods section. The p-trit circuit returns two digital output
values, QO and Q1, to represent three states, where QO indicates
whether the deterministic state is on or off, and Q1 determines
whether oscillation has occurred. For QO, the node V,,, is
connected to the V- terminal of the comparator, with a reference
pulse (Vi1 1.5 V) applied to its V+ terminal. Therefore, the
output of this comparator (Q0) determines whether the initial
state is on or off by comparing the V,,, and V,,,,. For Ql,
node 1 is connected to the V- terminal of the other comparator,
with a reference pulse (V. 0.8 V) to its V+ terminal. This
configuration amplifies the small analog signal of node 1 to the
digital output of node 2. This digital output serves as a clock input
for a D flip-flop (DFF), which detects the rising edge of the first
oscillation event and remains latched thereafter. The clear pulse
(Vi) is applied before V,,, by the MCU. Consequently, the DFF
output (Q1) determines whether oscillation has occurred. As a
result, the combination of Q0 and Q1 defines the p-trit states: (00)
= off, (01) or (11) = osc, and (10) = on, which are assigned to the
corresponding Potts spin vectors with angles 6, = 0, 27/3, 47/3,
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FIGURE 3 | Circuit implementation of NbO, p-trit. (a, b) Circuit diagram of NbOy, p-trit (a) and experimental setup for Q0 and Q1 (b). The table
summarizes the Q0/Q1 output states corresponding to the ternary regimes. (c) Examples of node voltage responses for four states of Q0/Q1. (d, e)
Probability distribution of off, osc, and on states obtained at f,, of 2.5 us (d) and various - as a function of V, (€).

respectively. It should be noted that, in our p-trit, the symmetry
required by the Potts model does not originate directly from
the oscillator regimes themselves. Instead, it is guaranteed by
assigning the digital outputs derived from the oscillator regimes
to the corresponding Potts spin vectors as labels and subsequently
mapping them onto the mathematical structure of the vector
representation.

Figure 3c shows the experimental results, showing examples of
all four possible Q0/Q1 combinations. Here, V,,,, was set to 1.32V
for the p-osc-1 operation and 1.75 V for the p-osc-2 operation. 5 s
pulses were applied. The QO output responds immediately to the
magnitude of V,,,;, while QI switches from 0 to 1 at the moment
when the first oscillation event occurs. In the actual operation, the
pulse width can be controlled and is defined as t,,,,. For example,
when ¢, = 2.5 ps, the Q1 values in the four examples are 0, 1, 1,
and 0, respectively. As such, the output of the p-trit circuit can be

tuned by varying both V., and t,,,.

Figure 3d shows the experimentally obtained probability distribu-
tions of the three states. Here, the V,,, ranges were from 1.290
to 1.790 V, with a step size of 5 mV for the p-osc-1 regime (1.290-
1.360 V) and the p-osc-2 regime (1.720-1.790 V), and 10 mV for the
osc regime (1.360-1.720 V). For each V,,,,, 50 oscillation signals
were measured, and the corresponding Q0 and Q1 outputs were
recorded at ¢, = 2.5 ps. These results confirm that the proposed
NbO, p-trit successfully produces three probabilistic output states
with a sigmoid-like response, achieving a bit operation rate of
2.5 ps/bit. Additionally, the NbO, oscillator, which is the primary
source of energy consumption, is estimated to consume 2.4 nJ/bit.
The relatively small energy contribution from the peripheral
CMOS circuitry is separately analyzed and benchmarked in Table
S1. These results establish a practical basis for TPM hardware

implementation (Note S5).

Furthermore, this probabilistic behavior can be tuned by adjust-
ing the t,,,. Figure 3e shows the variation of the oscillation
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probability as a function of the ¢,,,,, where a longer ¢, results in a
wider V,,, range. This tendency reflects the increased oscillation
probability within a longer observation period. A shorter t,,,
results in a sharper probability distribution between states (i.e.,
more deterministic), but offers the advantage of faster sampling
and reduced energy consumption. Therefore, by balancing these
trade-offs, probabilistic computing can be optimized to achieve
both faster solution search and lower energy consumption.

Since the probability distribution depends on t,,,, the effect of
external noise sources, such as timing jitter, on the probability
distribution should also be considered. The proposed p-trit
shows nearly identical probabilistic characteristics under a timing
uncertainty of +0.2 ps around the nominal value of t,,,, = 2.5 s,
demonstrating that its probabilistic behavior is sufficiently robust
against external timing noise (the robustness against timing jitter
is presented in Figure S9).

2.4 | Ternary Potts Machine Hardware
Demonstration with Virtual p-trits

To validate the system-level feasibility of the proposed ternary
probabilistic computing framework based on the experimentally
characterized NbO, p-trit (hereafter simply p-trit), we con-
structed a prototype TPM using MCU-based virtual p-trits. In the
present stage, MCU-based virtual p-trits were employed because
robust packaging and large-scale integration technologies for the
discrete NbO, devices are not yet available. Nevertheless, the
virtual p-trit was designed to reflect the physical constraints and
non-idealities of the actual device, thereby providing a practical
basis for future fully integrated p-trit implementations.

Figure 4a illustrates the structure of the MCU-based TPM system,
where virtual p-trits, programmed into the MCU, are connected
in parallel to the processing unit. The processing unit collects the
p-trit’s outputs, computes 6" for each node using Equation S3.6
(Note S3), and linearly maps 6" onto the Vpp fOr the subsequent
iteration. A photograph of the experimental setup is shown in
Figure 4b, with colors matching the system diagram. Additional
implementation details and experimental results are presented in

the Experimental section and Note S6.

To benchmark system performance, we applied both p-trit-based
TPM and p-bit-based BM systems to solve the M3C problem—
a more complex combinatorial optimization problem than the
binary Max-2-Cut (M2C) [40, 41]. The M3C problem aims to
divide the vertices of a graph into three groups to maximize
the sum of the weights of the edges connecting vertices in
different groups. The energy of the max-cut problem for a derived
configuration is defined as:

H(x)= Zjijxi * X (6)

i<j

where x; represents the state vector of node i, and J;; is the weight
of the edge between nodes i and j. In this problem, the grouping is
determined by the state of each node; therefore, in the TPM, three
groups can be defined as three distinct states, making it an ideal
example to demonstrate the advantages of the p-trit.

Figure 4c shows an example of the graph problem with 10 vertices
and 25 fixed-weight edges, and the M3C solutions obtained by
brute-force (BF), the proposed TPM, and a greedy approximation
using BM. As the three states can represent three different groups,
asingle iteration of the TPM can directly yield a 3-partition, while
BM requires three consecutive 2-cut operations—first splitting
the set into two groups, and then further bisecting each of the
two groups once more—to represent the three groups. This means
that the BM already requires 3 times the computational overhead
compared to TPM.

Finally, to comprehensively evaluate the efficiency and perfor-
mance, we defined the solution quality as the ratio of the energy
obtained by the solver to the global optimal energy found by BF:

Solution Quality — Ederiued solution (7)
EBF

Additionally, TPM can achieve higher accuracy than BM.
Figure 4d compares the M3C results for the TPM and BM on 20
randomly generated graphs with 14 nodes and 50% connectivity.
The baseline is the ground truth obtained by BF for each problem.
The results show that TPM achieves a lower mean squared error
(MSE = 4.35) compared to greedy BM (MSE = 6.05), indicating its
higher solution accuracy.

Figure 4e presents the trade-off between the solution quality
and the relative operations. While the BM requires significantly
more operations (relative operations = 3) to approximate the
solution, it yields a lower solution quality. In contrast, the TPM
achieves a higher solution quality (closer to 1) with a minimal
operation count (relative operations = 1). These results confirm
that the TPM leverages its multi-state expressiveness to deliver
both improved performance and substantially greater efficiency
in converging to optimal solutions.

2.5 | Simulation-Based Performance Evaluation
for Large-Scale Optimization Problems

To verify the scalability and robustness of the proposed system,
we evaluated the TPM on large-scaled weighted combinatorial
optimization problems. Specifically, we focused on whether
the physical constraints of the p-trit—which operates primar-
ily within the angular range of (0, 47/3] while omitting the
cyclic path between on and off—compromises the computational
capability compared to a designed ideal model. To rigorously
assess this, we benchmarked the p-trit-based TPM against an ideal
TPM using the ternary number partitioning problem (TNPP) as a
testbed.

The number partitioning problem (NPP) is a representative NP-
hard weighted combinatorial optimization problem that aims to
divide a given set of numbers into subsets whose sums are as equal
as possible [42, 43]. This problem is closely related to practical
tasks such as load balancing, task scheduling, and resource
allocation, where limited resources must be evenly distributed
among multiple groups [44-47]. Specifically, we used a TNPP, an
extended form of the NPP that divides a set of numbers into three
subsets, making it an ideal problem for evaluating the TPM. As
the simplest non-binary extension, TNPP provides a fundamental

Advanced Science, 2026

7of 12

95UB01 7 SUOLULLOD AIIea.D) 3ced! [dde au Aq pauenob 8.2 sooiie YO ‘SN J0 S3INJ 10} ARIqITUIIUQ AB]IM UO (SUO I PUOO-PUR-SLLIBYW0D" A3 1M A1 [BU 1 [UO//ScIY) SUORIPUOD PUe SWLB | 8L 89S *[9202/0T/82] U0 Afeid1T8UIIUO AB]IA ‘YWD Yoipne Wwnnuezsbunyosiod Ad 629/ SAPe/Z00T OT/I0P/W00" A3 | 1M A el 1jul JU0"pesUeApe//:SaY WOy papeo|umod ‘8S ‘9202 ‘7¥8E86TZ



a b
* * USB Power Supplier (V)
R Addr #1 | Addr #N
SDA ® ® ’
JURIN . .-
S It
! I #1 #N
Processing unit  Virtual p-trits :
(Master) (Slave) R
C
G(V, E) M2C M2C
BF M2C
M3C
Ground truth TPM BM
M3C Compare
& Aggregate
23 cuts = 23 cuts > 21 cuts
d e
50, Baseline 50, Baseline 1.0 4
@ e TPM P ° - g
Y Y g_ -2 6
S 40 °© 40 c 0.9 &
8 3 9 o
€ € > =
=} =} @] ©
Z pd (2} L0 E
30! oo MSE =4.35 30 o MSE = 6.05 0.8
30 40 50 30 40 50 TPM BM

Number of Cuts

Number of Cuts

System

FIGURE 4 | TPM and BM system demonstration implemented on an MCU-based hardware framework. (a, b) System configuration of the MCU-

based TPM, schematic (a) and Experimental setup (b). (c¢) M3C problem example and its solving process and results using BF, TPM, and BM. (d) Accuracy

comparison on 20 random graphs (N = 14). Baseline (black line) is the ground truth from BF. (e) Comparison on solution quality and relative operations.

framework for multi-class or multi-valued problems, featuring a
more complex state space and energy landscape than the binary
case.

Figure 5a shows the schematic and formulation of TNPP. When

a set of positive integers with a size of N (in this case, N = 50) is
given, the energy is defined as follows [43]:

H=A(Z n,-xi> 8)

where A is a normalization constant, »; is the i-th element of set
S, and x; is a two-dimensional unit vector defined as x; = (cos 6;,
sin 6;) with 6; € {0, 2?”, 4?”}. As a result, the interaction coefficient
J;betweenx; andx; in Equation (1) can be derived asJ; =n; n;
(Note S7).

We solved this problem using both the ideal TPM and the
p-trit-based TPM and evaluated the quality of the obtained
solutions. The reference solutions were obtained using the Gurobi
Optimizer, a classical mixed-integer programming solver based
on a branch-and-bound tree search algorithm [48]. Figure 5b-d
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FIGURE 5 | TNPP using ideal and p-trit-based TPMs. (a) Schematic and formulation of TNPP of 50 number set S. (b) Histograms of the individual
subset sums of s,s;, and s, over 100 00 iterations. (c) Histogram of the partition solutions plotted against NRMSD (). (d) Comparison of the number of
iterations required to reach target NRMSD for the ideal and p-trit-based TPMs.

show the TPM simulation results using the p-trits for a randomly
generated set S consisting of 50 elements, each being a positive
integer between 1 and 1000 (Note S8). Figure 5b shows the
histogram of the sum of the three subsets s,,s;, and s, over 100 00
iterations. The Gurobi optimizer yields three subsets with sums
Y.es, Xi € (9178,9177,9177}.

To evaluate the solution quality independent of the problem scale,
we utilized the normalized root mean square difference (NRMSD,
denoted as r), defined as r = RMSD/r,. The root mean square
difference (RMSD) and the normalization factor r, are defined as
follows:

2 2 2
RMSD = \/(So —51) + (51 —8) + (85— 5))
3 ,

Yo =1/ %Zilniz )]

Here, r, is a theoretical standard deviation of the pairwise group-
sum difference in a uniformly random ternary partition (Note S9).
For the specific set S used in this study, r, is approximately 3601.

Figure 5c shows the histogram of the partition solutions obtained
over 100 00 iterations, plotted against their corresponding
NRMSD values. The distribution clearly shows that the p-trit
TPM most frequently identifies solutions in the high-precision
regime (e.g., r & 0.0004, 99.96% reduction in error relative to
1y), which corresponds to the near-optimal partition (9178, 9176,

9178). Although this solution is not the theoretical optimum
(r ~ 0.0002), it is very close to it. These results demonstrate
that the p-trit-based TPM can effectively solve the example
TNPP.

Figure 5d compares the number of iterations required to reach
specific NRMSD thresholds for the ideal TPM (black line) and
the p-trit-based TPM (red line). The results represent the average
required iterations of 10 trials started from random initial states.
Although the p-trit TPM requires slightly more iterations than
the ideal model, it exhibits a remarkably similar convergence
trajectory. Crucially, the number of iterations needed to reach the
high-precision target of r = 0.003 (dashed line) remains within
approximately 70, which is of the same order of magnitude as the
ideal model. Collectively, these results confirm that the proposed
p-trit captures the core advantages of the ternary scheme, main-
taining computational robustness comparable to the theoretical
ideal even under physical device constraints, thereby validating
its scalability for large-scale combinatorial optimization. Fur-
thermore, identical TNPP simulations performed for a larger
system size (N = 90) also exhibited consistent scalability and
robustness of the TPM, confirming the reproducibility of the
observed performance trends (Table S2).

3 | Conclusions

In this work, we introduced a physically realizable ternary
probabilistic computing element (p-trit) based on the intrinsic
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oscillatory properties of NbO, threshold-switching memristors.
By integrating this device into a ternary Potts machine (TPM),
we successfully demonstrated a compact and energy-efficient
hardware solution for solving combinatorial optimization prob-
lems. Our experimental and simulation results confirm that
the proposed p-trit-based architecture significantly outperforms
binary counterparts in both solution accuracy and compu-
tational efficiency, marking a crucial step toward scalable
multinary probabilistic computing, with a compact implemen-
tation advantage over existing multinary probabilistic hardware
(Table S3).

While NbO, is employed in this study, any oscillator system
that exhibits three distinct operating regimes arising from two
successive NDR boundaries can, in principle, be used as a p-
trit, including VO,-based systems [49]. Exploring a broader range
of materials suitable for p-trit operation and comparing their
performance will be an interesting direction for future research.
In particular, thermodynamic engineering of the device and sub-
strate may offer a practical route to improve both operation speed
and stochastic characteristics by tailoring the electrothermal
dynamics of the p-trit [25].

Looking beyond the p-trit, the realization of multinary probabilis-
tic computing represents an important future direction. While the
search for physical devices with intrinsic multi-state stochastic
behavior should continue, such an approach remains highly
challenging. We anticipate that a practical path forward will
emerge from the co-design of hardware devices and system-level
architectures. As summarized in Table S3, several approaches
have been proposed to implement multinary probabilistic hard-
ware based on conventional p-bits, typically relying on multiple
stochastic channels, device branches, comparators, or latches
to represent multinary state variables [2, 11, 14, 15, 21]. By
incorporating the p-trit into these algorithmic and architectural
frameworks, multinary probabilistic computing is expected to be
realized with improved efficiency.

The proposed p-trit operation is limited to an ordinal state
transition pathway (off-oscillation-on), excluding a direct on—off
transition pathway, which is required for an ideal p-trit. This
restricted operation can lead to slower convergence and larger
fluctuations compared with an ideal p-trit (Figure S11). This issue
could be addressed by applying a look-up-table-based remap-
ping scheme or by implementing an n-bit-counter-based circuit
architecture (Figure S12). On the other hand, the ordinal nature
of the p-trit is not necessarily a critical limitation for problems
involving inherently ordinal data representations (Figure S13). In
summary, while the proposed p-trit may impose constraints, its
impact is problem-dependent. Furthermore, this non-ideality can
be mitigated through circuit- or algorithm-level compensation
schemes, enabling the p-trit to maintain substantial advantages
over conventional p-bits.

Another important issue associated with the proposed p-trit
is device-to-device and cycle-to-cycle uniformity. Since the p-
trit utilizes two probabilistic operating regions, it is inherently
more sensitive to variation than conventional p-bit technologies,
which could complicate practical large-scale integration. Our
p-trit also showed a cycle-dependent shift in the probabilistic
operating range. However, while the operation voltage range

shifts with cycling, the operating voltage window itself remains
nearly unchanged. Therefore, this drift issue is expected to
be correctable using previously reported calibration schemes
previously established for p-bit systems [2, 3, 8, 10]. (See Note
S10 for the cycle-dependent operating window drift results and
proposed correction strategy).

Furthermore, beyond combinatorial optimization, the proposed
multinary probabilistic primitive and sampling rule provide a
versatile foundation for broader applications. By bridging the
gap between theoretical probabilistic models and physical device
characteristics, this work paves the way for advanced computing
paradigms, including statistical inference, multi-class learning,
and energy-efficient neuromorphic computing.

4 | Experimental Section
4.1 | Device Fabrication

A NbO, threshold switching memristor (TiN/NbO, /TiN-via) was
fabricated using the following process. A planarized substrate
containing 150 nm-diameter TiN vias, provided by a commercial
foundry, served as the bottom electrode. For the 100 um-square
device patterning, a mask aligner (Midas MDA-600S) was used,
with AZ 5214E and AZ 300 MIF Developer employed as the
photoresist and developer, respectively. After photolithographic
patterning, a 20 nm-thick NbO, blanket layer was deposited by
reactive sputtering at 100°C using an Nb target under a mixed
gas flow of Ar and O, (Ar: O, = 50:4) in a co-sputtering system
(DAE-KI Hitech). Subsequently, a 50 nm-thick TiN top electrode
was deposited by reactive sputtering at room temperature using
a TiN target. The lift-off process was then carried out in acetone
to define the TiN electrode pattern. Finally, crystallization of the
NbO, layer was achieved by rapid thermal annealing (RTA) at
750°C for 2 min using an RTP-1300 system (ECOPIA).

4.2 | Electrical Measurement

All electrical characterizations were performed using a semicon-
ductor parameter analyzer (Keithley 4200A-SCS) and a probe
station system. The I-V characteristics were obtained in a current
sweep mode using two Source Measurement Units (SMUSs).
For the self-oscillation measurements, voltage pulses with var-
ious amplitudes were applied and measured using a Keithley
4225-PMU (Pulse Measurement Unit) and 4225-RPM (Remote
Amplifier/Switch).

For the experimental demonstration of the NbO, p-trit with
CMOS peripheral circuits, a comparator (TLV3201, Texas Instru-
ments) and a D flip-flop (74LVC74AD, NXP Semiconductors) were
used. The DC bias was supplied using a power supply (K6135A,
EXSO0), and the output waveforms were monitored by a digital
oscilloscope (MHO5054, RIGOL). A microcontroller unit (MCU;
NUCLEO-U575ZI-Q, STMicroelectronics) was used to generate
input voltage pulse signals and a clear pulse to the D flip-flop.

In the MCU-based TPM system, the NUCLEO-U575ZI-Q (STMi-
croelectronics) MCU was used as the processing unit, while
STM32L432KCU6 (STMicroelectronics) MCUs were employed
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as virtual p-trits, interconnected via an I>C (Inter-Integrated
Circuit) communication bus for data exchange and update
control.
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